INTRODUCTION
In a two-part tract on the commensurability versus incommensurability of celestial motions, Nicole Oresme studied the properties of uniform circular motions [1] . In the second part, dealing with combinations of incommensurable motions, the following Proposition 4 appears. "No sector of a circle is so small that two such mobiles could not conjunct in it at some future time, and could not have conjuncted in it at some time [Grant 1971, 253] . If we assume the point-like bodies to rotate in the same sense, points of conjunction are those points of the circle which the bodies occupy at the same time. The arcs between two successive points of conjunction are equal in length, as are the angles [Grant 1971, 257] . Therefore Oresme is studying what are now called rotations of a circle through a HM 20 NOTE 429
given angle. A sector obviously is an interval of positive length of the circle, and with this reading Oresme's proposition can be formulated as saying that rotations with an irrational angle yield a dense set of points. It is interesting to inquire how complete Oresme's suggested proof was, especially since his result is usually known as a special case of Kronecker's theorem of 1884 [2] . (Dirichlet remarked already in 1842 that this special case had been "known for a long time" [3] .) Oresme proves in the first part that two bodies in commensurable motion have a finite number of conjunction points so that their motion is periodic [Grant 1971, 199] . In the second part he proves that, in the case of incommensurability, there are infinitely many conjunction points. Any arc between two points of conjunction is cut by a further conjunction. At several places Oresme seems to take it for granted that one may infer his proposition from this. What is missing from the argument is that the length of all the arcs produced by the conjunction points diminishes without limit [4] . By following his (rather verbal) proof and ensuing remarks, we shall see that the omissions in Oresme's argumentation can be accounted for with reasonings very close to Oresme's own in all respects.
THE PROOF AND ITS ANALYSIS
Oresme denotes by d the first point of conjunction and by e the following one. These are separated by the arc de. The velocities of the two bodies are incommensurable, which is the same as saying the arc de is incommensurable to the circle. Referring to his previous Proposition 3, Oresme says "after an arc equal to de is applied a certain number of times, the circle is surpassed and this arc crosses beyond point d by cutting arc de in point g" [Grant 1971, 255] . Proposition 3 says that "whenever one of the two bodies is in the point where they are now, they will never be separated by a part commensurable to the circle." [Grant 1971, 253] . Its proof ends with the conclusion that no two conjunction points are separated by an angle commensurable to the whole circle [5] . This remark is the same as Proposition 2 [Grant 1971,251] . Apparently Oresme thought it necessary to be explicit about not ending in point d but beyond it [6] .
Oresme continued: "The arc lying between the second and third points of conjunction will be cut in exactly the same manner, and so on in succession until the whole circle will be so divided that no part greater than arc dg will remain undivided." [Grant 1971, 255] . Here we encounter a problem. The argument assumes, without stating it, that dg > ge [7] . In this case it is true after two full circles are completed that there is no part greater than dg left, as in Figure 1 . In the contrary case of dg < ge, this would not be the case. But if we iterate one full circle from g onward, a point Jl is reached, as in Figure 2 . Since dg = gJl, gj~ < ge so that jl divides the arc ge. One more iteration gives a point J2 cutting j~e if gj~ < jle, so that after a certain number n of iterations, the point Jn passes e and the remaining part is smaller than dg. In other words, there is no part greater than dg as claimed by Oresme.
Another repetition of Oresme's procedure gives a point k in the arc dg, "until finally the circle will be divided in such a way that no part of it will be greater NOTE HM 20
cl FIGURE I than arc dk" [Grant 1971, 255] [8]. Oresme says "this process can be carried into infinity by always dividing the circle into smaller parts ad infinitum. Thus, no part of the circle will remain but that it could not, at some time, be imagined as divisible in this way" [Grant 1971, 255] . Oresme compares this to the division of the diagonal of a square by its side. Taking the remaining part, or excess of the side, and applying it, another part is left. Iteration produces a set of points on the diagonal cutting any two previous points reached. Here Oresme assumes that the remaining part "diminishes to infinity" so that a dense set on the diagonal is produced. A similar diminution is assumed when he concludes the proof of his proposition, stating that "no sector of the circle will be so small but that at some time in the future the mobiles could not conjunct in some point of it, and this is what we have proposed" [Grant 1971, 255-257] .
There is a problematic point in Oresme's proof, and another in his proposition.
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Jl FIGURE 2 He does not prove that the arcs "diminish to infinity," only that they are cut smaller. Sometimes he takes it as obvious that if there is an infinity of different conjunction points, they must be dense [Grant 1971, 255,257] . In the proposition, he says any sector will have a conjunction point. But in the proof he only concludes this for parts of the circle. A part is an arc between two conjunction points that have already been reached by the process. Oresme is fully aware that given a conjunction point, there will be infinitely many distinct points in the past as well as in the future; further, there is also space in the circle for the commensurable points not reached by the process at all [Grant 1971, 257-259] . Therefore not all sectors are parts of the circle in Oresme's sense. How should one supply the missing limiting argument in Oresme? Is there an elementary proof of Proposition 4, and how closely would it follow arguments used by Oresme? Oresme only proves that the greatest arc is cut smaller, but does not say anything about the proportion--for example, by giving it upper and lower bounds distinct from 1 and 0. An idea that immediately comes to mind is the procedure suggested above for handling the case of dg < ge. There, the arc ge was divided in a finite number of steps into parts not greater than dg. Since dg is smaller than half of the original arc de, after n steps all the parts reached are smaller than half of de. By repeating the process ad infinitum, it can now be seen as true that the greatest arc "diminishes to infinity." This would also at once justify the step from parts to sectors, for any sector would contain a part.
How faithful is this argument? It turns out that the very next result, Oresme's Proposition 5, provides the answer. This proposition says that objects in incommensurable motion '~will conjunct infinitely close to any given point of conjunction, and have already conjuncted infinitely near to it" [Grant 1971, 259] . The proof is very brief. Let d be a point of conjunction, and c another point close to it. By Proposition 4, there is a conjunction between c and d. "And if another point, say f, were assigned halfway between, it is again obvious--by the same--that the points will conjunct between d andf. In this manner their conjunctions will approximate infinitely close" [Grant 1971, 259-261] . The method of proof used here is the one we suggested above as a simple argument for the proof of Proposition 4. One cannot argue directly from Proposition 5 to Proposition 4, for the former is based on the latter, specifically, on the crucial step from "smaller parts ad infinitum" to an arbitrarily small part. That is exactly the step in need of justification. But if we only apply the method, the proof it gives for Proposition 4 is our refined version of the original. Therefore, we may conclude that Oresme's proof for the density of rotations of a circle by an irrational angle, while not entirely conclusive, can be completed by elementary arguments used by himself in the very same context.
GEOMETRIC DIOPHANTINE APPROXIMATIONS
Oresme approached the density theorem by geometric means. This was necessary since he had no number concept available for formulating the property. A comparison with [Dirichlet 1842, 635] is instructive in this respect. cated that the following result from the theory of continued fractions had been known "for a long time": if a is irrational, there is always an infinity of integers x and y depending on each other ("zusammengeh6rig"), such that x-ay is smaller than 1/y. Since y must take an infinity of separate values, the decimal part of multiples of a has arbitrarily small values. A few steps give the connection to Oresme's theorem. We can obtain from an irrational a an incommensurable motion by taking o~ as the arc length between two conjunctions and by taking the circumference of the circle as rational, say, to simplify matters, of unit length with a < 1. With these conventions, the result Dirichlet refers to says that there is an infinity of numbers n such that the decimal part of an is less than 1/n [9] . In terms of rotations, a point is reached whose arc length is 1/n units from the starting point.
Iteration gives a point 2/n distant,, and so on, yielding a dense set on the circle.
Oresme's tract contains a beautiful description of a dense trajectory for the center point B of the sun. Assuming the incommensurability of the (apparent) daily and yearly rotations of the sun, the combined motion gives a spiral-like line of motion of B between the two tropics. "In accordance with what has been imagined here, the whole celestial space between the two tropics is traversed by B, leaving behind a web-or net-like figure expanded through the whole of this space. The structure of this figure was already infinitely dense [in infinitum inspissara] through the course of an infinite past time, and yet, nonetheless, it will be made continually more dense, since it produces a new spiral every day [Grant 1971, 277] . In reading Oresme it at times appears as if he thought the incommensurable conjunctions would be equally distributed in all directions. Such equidistribution results were first proven by Bohl, Sierpinski, and Weyl in 1909-1910 [10] . In Oresme's work, only vague hints in this direction can be found, as when he says that "by means of the greatest inequality, which departs from every equality, the most just and established order is preserved" [Grant 1971, 257] .
